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ABSTRACT
We investigate the effect of turbulence on the collisional growth of µm-sized droplets through high-
resolution numerical simulations with well resolved Kolmogorov scales, assuming a collision and coalescence
efficiency of unity. The droplet dynamics and collisions are approximated using a superparticle approach. In
the absence of gravity, we show that the time evolution of the shape of the droplet-size distribution due to
turbulence-induced collisions depends strongly on the turbulent energy-dissipation rate ε¯ , but only weakly on
the Reynolds number. This can be explained through the ε¯-dependence of the mean collision rate described by
the Saffman-Turner collision model. Consistent with the Saffman-Turner collision model and its extensions,
the collision rate increases as ε¯1/2 even when coalescence is invoked. The size distribution exhibits power
law behavior with a slope of −3.7 between a maximum at approximately 10µm up to about 40µm. When
gravity is invoked, turbulence is found to dominate the time evolution of an initially monodisperse droplet
distribution at early times. At later times, however, gravity takes over and dominates the collisional growth.
We find that the formation of large droplets is very sensitive to the turbulent energy dissipation rate. This is
due to the fact that turbulence enhances the collisional growth between similar sized droplets at the early stage
of raindrop formation. The mean collision rate grows exponentially, which is consistent with the theoretical
prediction of the continuous collisional growth even when turbulence-generated collisions are invoked. This
consistency only reflects the mean effect of turbulence on collisional growth.
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1. Introduction
Collisional growth of inertial particles in a turbulent
environment plays an important role in many physical pro-
cesses (Pumir and Wilkinson 2016; Ohno and Okuzumi
2017). For instance, collisional growth of droplets
in atmospheric clouds may explain the rapid warm
rain formation (Shaw 2003; Devenish et al. 2012;
Grabowski and Wang 2013). Collisions of dust grains in
circumstellar disks is proposed to be a key step towards
planet formation (Johansen and Lambrechts 2017).
The most notorious difficulty is how turbulence af-
fects the collisional growth. This problem has a long
history and was recently reviewed by Shaw (2003),
Devenish et al. (2012), Grabowski and Wang (2013) and
Pumir and Wilkinson (2016). The pioneering work by
Saffman and Turner (1956) proposed a theoretical model
for the collision rate (Saffman-Turner model) of cloud
droplets. The key idea of the Saffman-Turner model is
that the collision rate is dominated by small scales of
turbulence since the size of cloud droplets (typical size
is 10µm in radius) is three orders of magnitude smaller
than the Kolmogorov length (i.e., the smallest scale of
turbulence, which is about 1 mm in atmospheric clouds).
The Saffman-Turner model predicts that the mean colli-
sion rate R¯c is proportional to the mean energy dissipa-
tion rate ε¯ if there is no intermittency and the particle
inertia is small. Following Saffman and Turner (1956),
Reuter et al. (1988) used a stochastic model to show that
turbulence fluctuations modeled by random perturbations
enhance the collision rate. Grover and Pruppacher (1985)
studied the effect of vertical turbulent fluctuations on the
collision between aerosol particles and cloud droplets us-
ing a one-dimensional model. They inferred that three-
dimensional atmospheric turbulence should cause a sub-
stantial enhancement of the collision rate. The stochas-
tic model developed by Pinsky and Khain (2004) demon-
strated that the turbulence enhancement can reach a fac-
tor of up to 5. Follow-up studies of Pinsky et al. (2007,
2008) showed that turbulence has a significant enhance-
ment effect on the collision rate, especially for small
and similar-sized droplets (radius of a few µm.). How-
ever, Koziol and Leighton (1996) found that, using a
stochastic model, turbulence only has a moderate ef-
fect on the collision rate. This discrepancy between
the two stochastic models is either due to the simpli-
fied descriptions of the droplet motion or an inaccurate
modelling of turbulence fluctuations (Wang et al. 2005;
Grabowski and Wang 2013).
Due to the rapid advances in computer technology,
the collision rate has been studied using direct numer-
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ical simulations (DNS). Most of the DNS studies fo-
cused on the collisional growth without coalescence. Such
studies are useful in that they facilitate our understand-
ing of the physical mechanisms contributing to the colli-
sion rate, such as droplet clustering and relative velocity.
Sundaram and Collins (1997b) constructed the collision
rate using the radial distribution velocity and the radial
distribution function based on the Saffman-Turner colli-
sion rate. Their subsequent work found that turbulence
has a significant effect on droplet clustering and on the
relative velocity, which demonstrated its importance for
the collision rate (Shaw et al. 1998; Collins and Keswani
2004; Chun et al. 2005a; Salazar et al. 2008; Ireland et al.
2016a,b). The turbulence effect on the geometrical col-
lisional kernel was investigated by Franklin et al. (2005),
Ayala et al. (2008a), Rosa et al. (2013) and Chen et al.
(2016). Ayala et al. (2008b) developed a comprehensive
parameterizations of the turbulent collision rate and con-
cluded that turbulence increases the geometrical collision
rate by up to 47% with increasing energy dissipation rate.
They also found that the dependence of the collision rate
on the Reynolds number is minor. Rosa et al. (2013) and
Chen et al. (2016) confirmed the secondary dependency of
the collision statistics on the Reynolds number.
Invoking coalescence is computationally and
technically more demanding, but more realistic.
Riemer and Wexler (2005) found that the turbulent
collision rate is several orders of magnitude larger than
the gravitational collision rate. However, Wang et al.
(2006) argued that this result is grossly overestimated
because their rms velocity was overestimated by a factor
of
√
3 and their treatment of the collision efficiency only
included gravity but not turbulence. Franklin (2008) in-
vestigated collision-coalescence processes by solving the
Smoluchowski equation together with the Navier-Stokes
equation using DNS and found that the size distribution
of cloud droplets is significantly enhanced by turbulence.
Using a similar approach, Xue et al. (2008) concluded that
even a moderate turbulence enhancement of the collision
rate can have a significant effect on the growth of similar
sized droplets, which is referred to as the auto-conversion
phase of the growth. A similar conclusion was reached by
Wang and Grabowski (2009), who found that turbulence
enhances the collisional growth by a factor of 2. They
also found that in their simulations the dependence on
Reynolds number is uncertain due to its small value.
Onishi and Seifert (2016) updated the collision rate model
of Wang and Grabowski (2009) and performed DNS at
higher Reynolds number. They found that the collisional
growth of cloud droplets depends on the Reynolds
number. However, they did not study the time evolution
of the size distribution nor its dependency on Reynolds
number and energy dissipation rate. Chen et al. (2018)
investigated the time evolution of the size distribution
and its dependence on the energy dissipation rate and
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Reynolds number using a Lagrangian collision-detection
method. They concluded that turbulence has a prominent
effect on the broadening of the size distribution – even if
the turbulence intensity is small. However, a comparison
between the theoretical predictions of the ε¯-dependence
of the collision rate (Saffman and Turner 1956) and the
numerical simulations results was not performed for the
case when coalescence was invoked. Also, the effect of
the initial width of the size distribution on the turbulence
enhancement was not discussed.
In fully-developed turbulence, droplet collision-
coalescence process results in a wide range of droplet
sizes and thus in a wide range of droplet Stokes numbers
that evolve during the simulation. The Stokes number
is a dimensionless measure of the effect of droplet
inertia, which depends on the geometrical droplet size
and the turbulence intensity. In cloud turbulence with
ε¯ ≈ 0.04m2s−3, the Stokes number St varies from 10−3
(droplet radius of about 1µm) to 10 (about 100µm)
and beyond. Very small cloud droplets (for St≪ 1) are
advected by turbulent air flow and the collision is caused
by local turbulent shear (Saffman and Turner 1956;
Andersson et al. 2007). For larger Stokes numbers, on the
other hand, inertial effects become important, that allow
the droplets to detach from the flow. This may substan-
tially increase the collision rate (Sundaram and Collins
1997a; Falkovich et al. 2002; Wilkinson et al. 2006). The
time-dependent collision rate due to the dynamical Stokes
number cannot be captured with a predetermined param-
eterization of the collision rate. Saito and Gotoh (2018)
developed a Lagrangian algorithm to detect collisions
without using a parameterized collision kernel. They
observed that turbulence broadens the size distribution
of cloud droplets. Since their work has condensation
included, it is unclear if the broadening of the size distri-
bution results from the turbulence effect on the collisions
or its effect on condensation. Such a broadening of
the size distribution due to condensation could result
from turbulence-facilitated supersaturation fluctuations
(Sardina et al. 2015).
To quantify the role of small-scale turbulence on the
time evolution of the size distribution and its connection
to the Saffman-Turner collision rate (Saffman and Turner
1956) when coalescence is included, we investigate the
collisional growth of cloud droplets with or without grav-
ity. We determine the droplet-size distribution directly
from numerical simulations, thus avoiding the use of a
parameterized kernel. We focus on the time evolution
of the size distribution due to collision-coalescence pro-
cesses and how changing the Reynolds number and the
energy dissipation rate affect the size distribution. We per-
form high resolution DNS of turbulence with a well re-
solved Kolmogorov viscous scale (our maximum Taylor-
microscale Reynolds number is 158). Droplet and col-
lision dynamics are solved together using a superparti-
cle approach assuming unit collision and coalescence effi-
ciency. Unit coalescence efficiency means that droplets
coalesce upon collision. Compared with the direct La-
grangian collision-detection method, the superparticle ap-
proach is computationally less demanding. This can be
deduced from a cross comparison with the Eulerian ap-
proach. First, Li et al. (2017) found that the superparticle
is about 10 times faster than an Eulerian approach where
one solves the Smoluchowski and momentum equations
for logarithmically spaced mass bins. Second, the di-
rect Lagrangian collision-detection method is more costly
than the Eulerian approach (Chen et al. 2018). Therefore,
the superparticle approach is at least 10 times faster than
the direct Lagrangian collision-detection method. More
importantly, the superparticle approach can easily be ex-
tended to large eddy simulations with an appropriate sub-
grid scale model (Grabowski and Abade 2017). A detailed
comparison of the present simulation results and the theo-
retical prediction of the collision rate (Saffman and Turner
1956) is conducted. In addition, we explore how the width
of the initial size distribution alters the turbulence effect
on collisional growth of cloud droplets. In the meteorol-
ogy community, the process of collision and coalescence
is referred to as collection, while in the astrophysical com-
munity, this process is referred to as coagulation. Since we
assume unit coalescence efficiency in the present study, we
use the terminology collision. To address the turbulence-
facilitated collision for more general applications (such as
interstellar dust), we will first focus on DNS without grav-
ity. We will then turn to DNS with both gravity and turbu-
lence, which is important for the cloud droplet formation.
2. Numerical setup
Our simulations are conducted using the PENCIL
CODE. The DNS of the turbulent flow are performed
for a weakly compressible gas, and we adopt a su-
perparticle algorithm to approximate the droplet dy-
namics (Zsom and Dullemond 2008; Shima et al. 2009;
Johansen et al. 2012).
DNS of the turbulent air flow. The velocity u of the tur-
bulent air flow is determined by the Navier-Stokes equa-
tion:
∂u
∂ t
+u ·∇u= f −ρ−1∇p+ρ−1∇ · (2νρS), (1)
where f is a monochromatic random forcing function
(Brandenburg 2001), ν is the kinematic viscosity of the
air flow, Si j =
1
2
(∂ jui+ ∂iu j)− 13δi j∇ ·u is the traceless
rate-of-strain tensor, p is the gas pressure, and ρ is the gas
density, which in turn obeys the continuity equation,
∂ρ
∂ t
+∇ · (ρu) = 0. (2)
We assume that the gas is isothermal with constant sound
speed cs, so that c
2
s = γ p/ρ , where γ = cP/cV = 7/5
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TABLE 1. Summary of the simulations.
Run Np/10
6 Ngrid f0 L (m) urms (ms
−1) Reλ ε¯ (m2s−3) η ·10−4 (m) τη (s)
A 8.4 2563 0.02 0.125 0.17 57 0.039 4 0.016
B 67 5123 0.02 0.25 0.21 94 0.04 4 0.016
C 67 5123 0.02 0.50 0.27 158 0.036 4 0.017
D 67 5123 0.0072 0.44 0.13 98 0.005 7 0.044
E 67 5123 0.01 0.37 0.15 97 0.01 6 0.032
F 67 5123 0.014 0.30 0.18 94 0.02 5 0.022
Here, f0 is the amplitude of the random forcing (see text) and L is the domain
size.
is the ratio between specific heats, cP and cV, at con-
stant pressure and constant volume, respectively. To avoid
global transpose operations associated with calculating
Fourier transforms for solving the nonlocal equation for
the pressure in strictly incompressible calculations, we
solve here instead the compressible Navier-Stokes equa-
tions using high-order finite differences. To simulate the
nearly incompressible atmospheric air flow, we set the
sound speed to 5ms−1, resulting in a Mach number of
0.06 when the urms = 0.27ms
−1. Such a configuration
with so small Mach number is equivalent to an incom-
pressible flow. Indeed, we quantify the weak compress-
ibility in our DNS by calculating the dimensionless num-
ber ℘ =
〈
|∇ ·u|2
〉
/
〈
|∇×u|2
〉
= 2×10−4. Follow-
ing Gustavsson and Mehlig (2016b), the parameter ℘ =
2×10−4 corresponds to a Stokes number St= 0.018. The
smallest Stokes number in our DNS is St = 0.05. This
implies that the effect of fluid compressibility is much
less than the compressibility of the particle velocity field
caused by droplet inertia. Therefore, the effect of fluid
compressibility on the droplets is also negligible.
To characterize the intensity of turbulence, we
use the Taylor microscale Reynolds number Reλ ≡
u2rms
√
5/(3νε¯), where urms is the rms turbulent velocity,
and ε¯ = 2ν TrSijSji is the mean energy-dissipation rate per
unit mass and Tr denotes the trace. The parameters of all
simulations are listed in Table 1. Here τη = (ν/ε¯)
1/2
is the
Kolmogorov time and η =
(
ν3/ε¯
)1/4
is the Kolmogorov
length.
Superparticle algorithm. The equations governing the
dynamics and collision of droplets in a turbulent flow are
solved simultaneously with the Navier-Stokes equations.
We approximate the droplet dynamics and collisions us-
ing a stochastic Monte Carlo algorithm (Bird 1978, 1981;
Jorgensen et al. 1983) that represents a number of spher-
ical droplets by a superparticle (Zsom and Dullemond
2008; Shima et al. 2009; Johansen et al. 2012; Li et al.
2017). All droplets in superparticle i are assumed to have
the same material density ρd , radius ri, and velocity vi.
Further, each superparticle is assigned a volume of the grid
cell and thus a droplet number density, ni. The position xi
of superparticle i is determined by
dxi
dt
= Vi (3)
and
dVi
dt
=
1
τi
(u−Vi)+g . (4)
Here,
τi = 2ρdr
2
i /[9ρνD(Rei)] (5)
is the particle response time attributed to superparticle
i. The correction factor (Schiller and Naumann 1933;
Marchioli et al. 2008)
D(Rei) = 1+0.15Re
2/3
i (6)
models the effect of non-zero particle Reynolds number
Rei = 2ri|u−Vi|/ν . This is a widely used approxima-
tion, although it does not correctly reproduce the small-
Rei correction to Stokes formula (Veysey and Goldenfeld
2007). The dimensionless particle-response time is given
by the Stokes number St = τi/τη . Droplets are randomly
distributed in the simulation domain with zero velocity ini-
tially. The term g in equation (4) is included only when
collisions are also driven by gravity, in addition to turbu-
lence.
Droplet collisions are represented by collisions of
superparticles (Shima et al. 2009; Johansen et al. 2012;
Li et al. 2017). When two superparticles collide, two
droplets in either of the superparticles can collide with
probability pc = τ
−1
c ∆t , where ∆t is the integration time
step. A collision event occurs when pc > ηc, where ηc is a
random number. If a collision event happens, ηc must lie
between zero and one; see appendix A1 for details on the
collision scheme. A mean-field model is adopted for the
collision time τc:
τ−1c = σcn j
∣∣Vi−V j∣∣Ec. (7)
Here σc = pi(ri+ r j)
2 is the geometric collision cross sec-
tion between two droplets with radii ri and r j. The param-
eter Ec is the collision efficiency (Devenish et al. 2012).
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It is set to unity in our simulations, and we assume that
droplets coalesce upon collision. The use of a unit col-
lision efficiency overestimates the collision rate. This is
done to reduce the complexity of the simulation and en-
ables us to focus only on the collision dynamics. Adopt-
ing unit coalescence efficiency is justified by the fact that
the Weber number is only about 10−2 (Perrin and Jonker
2015). The Weber number is defined as the ratio of
droplet inertia and its surface tension (Perrin and Jonker
2015). A low Weber number means that the collid-
ing droplets always coalescence. It is worth noting that
a cylindrical kernel is used in the present superparticle
scheme as described by equation (7). This is in contrast
to what is done for Lagrangian point particle simulations
(Wang et al. 1998). In those simulations, a spherical ker-
nel was used, where collisions were not enabled. The use
of a cylindrical kernel in the superparticle approach is jus-
tified because the superparticle approach treats collisions
in a statistical fashion, where the interacting superparticles
are considered to fill the entire grid cell.
Collisions are enabled at the same time when the simu-
lation starts with u= 0. This yields virtually the same re-
sult compared to the case when turbulence is already fully
developed and droplets are mixed; see appendix A2. Since
collisions can only happen when a pair of superparticles
resides in the same grid cell, it is important to have suffi-
cient statistics of initial Np/Ngrid (Np is the number of su-
perparticles and Ngrid is the number of grid cells). Further-
more, to obtain fully developed turbulence, a large number
of mesh points Ngrid (512
3 in the present study) is essen-
tial. This requires a large number of superparticles, which
is computationally expensive even on the modern super-
computers. We investigate the statistical convergence with
respect to the initial value of Np/Ngrid and find that it is
converged at 0.05 (see appendix A3). Nevertheless, to
have sufficient droplet statistics, we adopt Np/Ngrid = 0.5,
so we have on average one superparticle for every two grid
cells. This makes the computation affordable since the
computational cost scales as N2p . Droplet growth by con-
densation is not incorporated in our model. We refer to
Li et al. (2017) for a detailed description of our numerical
setup and of the algorithm used to model collision.
The superparticle approach is computationally efficient
(Li et al. 2017; Shima et al. 2009; Johansen et al. 2012),
but it is an approximation. How accurately it describes
the actual microscopic collision dynamics depends on sev-
eral factors. In the limit where the number of droplets per
superparticle tends to infinity, the algorithm reduces to a
full mean-field description (Zsom and Dullemond 2008;
Pruppacher et al. 1998). In the opposite limit, when the
number of droplets per superparticle is small, the algo-
rithm incorporates fluctuations in the collision processes
that may be important in the dilute system that we con-
sider here (Kostinski and Shaw 2005; Wilkinson 2016).
Dziekan and Pawlowska (2017) compared the superparti-
cle approach with the direct detection of collisions of point
particles and concluded that the superparticle approach
can accurately describe such fluctuations as long as the
number of droplets is below 10 per superparticle. In our
simulations, we assign two droplets per superparticle to
ensure that the algorithm is sufficiently accurate.
In our simulations, we check for collisions at each time
step, which enables us to get the size distribution f (r, t)
at time t and droplet radius r. This distribution not only
determines rain formation in clouds, but also the optical
depth of the cloud (Beals et al. 2015).
Initial conditions. As initial condition, we adopt a
log-normal droplet-size distribution (Nenes and Seinfeld
2003; Seinfeld and Pandis 2016) is widely used in climate
models and is supported by the in situ atmospheric mea-
surements (Miles et al. 2000),
f (r,0) =
n0√
2piσini r
exp
[
− ln
2(r/rini)
2σ2ini
]
. (8)
Here rini = 10µm and n0 = n(t = 0) is the initial number
density of droplets.
To speed up the computation by a factor of a hundred,
we adopt n0 = 10
10m−3 instead of the typical value in the
atmospheric clouds, nref ≡ 108m−3; cf. Li et al. (2017).
We explore the convergence of σini for collision driven
by combined turbulence and gravity. It is found that σini
converges at 0.02 (see appendix A4). However, since
gravity-generated collision is very sensitive to the initial
size difference, we employ monodisperse initial distribu-
tion (σini = 0) for the case of combined turbulence and
gravity. For turbulence-generated collision without grav-
ity, we employ σini = 0.2.
3. Results and discussion
a. Collisions driven by turbulence
Figure 1(a) shows the time-averaged turbulent kinetic-
energy spectra for different values of Reλ at fixed ε¯ ≈
0.04m2s−3. Here, Reλ is varied by changing the do-
main size L, which in turn changes urms. For larger
Reynolds numbers the spectra extend to smaller wavenum-
bers. Since the energy spectrum is compensated by
ε¯−2/3k5/3, a flat profile corresponds to Kolmogorov scal-
ing (Pope 2000). For the largest Reλ in our simulations
(Reλ = 158), the inertial range extends for about a decade
in k-space. Figure 1(b) shows how the energy spectra de-
pend on ε¯ . Here we keep the values of Reλ and ν fixed,
but vary urms by changing both L and the amplitude of the
forcing; see Table 1 for details. Since the abscissa in the
figures is normalized by kη = 2pi/η , the different spectra
shown in Figure 1(b) collapse onto a single curve.
Figure 2(a) shows the droplet-size distributions ob-
tained in our simulations for different values of Reλ , but
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FIG. 1. Time-averaged kinetic energy spectra of the turbulence gas flow for (a) different Reλ = 57 (magenta dashed line), 94 (red solid line),
and 158 (cyan dotted line) at fixed ε¯ = 0.04m2s−3 (see Runs A, B, and C in Table 1 for details) and for (b) different ε¯ = 0.005m2s−3 (blue dotted
line), 0.01 (black dashed line), 0.02 (green dash-dotted line) and 0.04 (red solid line) at fixed Reλ = 100 (see Runs B, D, E, and F in Table 1 for
details).
for the same ε¯. This figure demonstrates that the time
evolution of the size distribution depends only weakly
on Reλ when ε¯ is kept constant. This is consistent with
the notion that the collisional growth is mainly dom-
inated by the Kolmogorov scales (Saffman and Turner
1956; Devenish et al. 2012). The maximum Reynolds
number in our DNS is Reλ ≈ 158. This value is still two
orders of magnitude smaller than the typical value in at-
mospheric clouds (Grabowski and Wang 2013). It cannot
be ruled out that there may be a stronger Reynolds-number
effect on the collisional growth at higher Reynolds num-
bers (Shaw 2003; Ireland et al. 2016a; Onishi and Seifert
2016). In the simulations of Onishi and Seifert (2016),
where collisions are detected directly, the largest value
of Reλ was 333, which is twice as large as our largest
value. They showed that the turbulence enhancement fac-
tor weakly depends on Reλ when the mean radius of the
initial distribution is 10µm. This is consistent with our
results.
Figure 2(b) shows how the evolution of the droplet-size
distribution depends on ε¯ , for a fixed Reλ . We see that es-
pecially the tails of the size distributions depend strongly
on ε¯: the larger ε¯, the wider are the tails. The tails in
the droplet-size distribution lead to a broad distribution of
Stokes numbers. Also, since St = τi/τη ∝ ε¯
1/2, the St-
distribution shifts to large Stokes numbers as ε¯ increases
(see appendix A5).
We now show that the ε¯-dependence of the size distri-
bution is due to the sensitive dependence of the collision
rate upon this parameter. Figure 3 shows how the mean
collision rate Rc changes as a function of time. This rate,
which depends implicitly on ε¯ , is defined as
Rc = pin0(2r)
2|v|, (9)
where v is the relative velocity between two approaching
droplets. This expression is written for identical droplets
with radius r. In bidisperse suspensions with droplets of
two different radii ri and r j , 2r is replaced by ri+ r j. Col-
lisions of small droplets advected by turbulence are due to
local turbulent shear, provided that droplet inertia is negli-
gible. Saffman and Turner (1956) proposed an expression
for the resulting collision rate:
RS.T.c =
Cn0 (2r)
3
τη
. (10)
Saffman and Turner (1956) quote the value
C =
√
8pi/15 ≈ 1.29 for the prefactor, but this is
just an approximation, even at St = 0 (Voßkuhle et al.
2014). It turns out that the Saffman-Turner estimate is
an upper bound (Gustavsson and Mehlig 2016a), because
it counts recollisions that must not be counted when the
droplets coalesce upon collision, as in our simulations.
Here recollision means that one droplet can experience
several collision since there is no coalescence. DNS of
small droplets in turbulence also count recollisions (no
coalescence) and yield a value of C in good agreement
with the Saffman-Turner estimate (Voßkuhle et al. 2014),
in the limit of St→ 0.
In Figure 3(a) we normalized the mean collision rate by
dividing with the Saffman-Turner expression (10) for the
collision rate, averaging (2r)3 = (ri+ r j)
3 over the initial
size distribution. In this way, we obtain the coefficient C
from the output of the mean collision rate R¯c. Initially the
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FIG. 2. Droplet-size distribution for the same simulations as in Figure 1. (a) Different Reλ at fixed ε¯. (b) Different ε¯ at fixed Reλ . Here β is the
standard deviation and 3β is the significance level.
collision rate is of the same order as predicted by Eq. (10),
but in our simulations the coefficient C depends on ε . It
ranges from C ≈ 1.57 at ε¯ = 0.005m2s−3 to C ≈ 2.26 at
ε¯ = 0.04m2s−3. All values are larger than the Saffman-
Turner prediction in spite that the Saffman-Turner col-
lision rate is argued to be an upper bound for advected
droplets (Gustavsson et al. 2008a). However, in our simu-
lations the mean Stokes number ranges from St= 0.05 for
ε¯ = 0.005m2s−3 to St = 0.14 for ε¯ = 0.04m2s−3. From
Figure 1 of Voßkuhle et al. (2014) we infer that C = 1.9
for St = 0.05, in reasonable agreement with our simula-
tion results. However, their C = 5 for St = 0.14, which is
about twice as large as our value (C ≈ 2.26). This over-
estimation of C at St = 0.14 could be due to their recolli-
sions. We conclude that the collision rate scales initially
as predicted by the Saffman-Turner theory, Rc ∼
√
ε¯ , with
small corrections due to particle inertia. At later times
these corrections become larger. In recent years, several
works have indicated that the Saffman-Turner model un-
derestimates the collision rate at larger Stokes numbers
when the effect of droplet inertia becomes important, so
that the droplets can detach from the flow. Model calcula-
tions show that this can substantially enhance the collision
rate. Two mechanisms have been proposed.
First, droplet inertia causes identical droplets to
cluster spatially (Maxey 1987; Elperin et al. 1996,
2002; Reade and Collins 2000; Kostinski and Shaw 2001;
Bec 2003; Duncan et al. 2005; Elperin et al. 2013;
Gustavsson and Mehlig 2016b). At small spatial scales the
clustering of identical droplets is fractal. This enhances
the collision rate of small droplets (Gustavsson et al.
2008a): Rc = Cn0 (2r)
3τ−1η g(2r). Here g(2r) is the pair
correlation function measuring the degree of fractal clus-
tering of identical droplets: g(2r) diverges∼ r−ξ as r→ 0
with ξ > 0. The exponent ξ has been computed in DNS
and model calculations (Gustavsson and Mehlig 2016b).
It has a weak dependence on ε¯ . However, g(2r) is cal-
culated based on the particle field with a single Stokes
number, which makes it impossible to attempt a quanti-
tative comparison between this theory and our simulation
data. More importantly, collision leads to a distribution
of droplet sizes. Droplets of different sizes cluster onto
different fractal attractors. This may reduce the effect of
spatial clustering on the collision rate (Chun et al. 2005b;
Bec et al. 2005; Meibohm et al. 2017).
Second, singularities in the droplet dynamics (caustics)
give rise to multi-valued droplet velocities, resulting
in large velocity differences between nearby droplets
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(Sundaram and Collins 1997a; Falkovich et al. 2002;
Wilkinson et al. 2006; Falkovich and Pumir 2007;
Gustavsson and Mehlig 2014; Voßkuhle et al. 2014).
Most model calculations were performed for identical
droplets. They indicate that the enhancement of the colli-
sion rate due to multi-valued droplet velocities dominates
for Stokes numbers larger than unity (Voßkuhle et al.
2014). In this case, a Kolmogorov-scaling argument
suggests (Mehlig et al. 2007; Gustavsson et al. 2008b)
that Rc ∼ n0r2uK
√
St ∝ ε¯1/2, where uK is the turbulent
velocity at the Kolmogorov scale; this
√
St-dependence
was first suggested by Vo¨lk et al. (1980) using a different
argument. This expression has the same ε¯-dependence as
Eq. (10). We note, however, that the Kolmogorov-scaling
argument leading to this
√
St-dependence rests on the
assumption that there is a well developed inertial range
(Reλ → ∞). This assumption is not fulfilled in our
simulations. Moreover, at later times we expect that
collisions between droplets of different sizes make an
important contribution (Meibohm et al. 2017). Scaling
theory (Mehlig et al. 2007) suggests that the ε¯-scaling
remains the same in the limit of Reλ →∞. But, again, this
limit is not realized in our simulations. Also, any theory
for the collision rate in bidisperse suspensions must be
averaged over the distribution of particle sizes and their
velocities to allow comparison with Figure 3(a). This
may introduce additional ε¯-dependencies. It is therefore
plausible that the small-St scaling, Rc ∼
√
ε¯, breaks down
in our simulations at larger Stokes numbers, indicating
that the increase in the mean collision rate could be an
inertial effect. Moreover, since the Stokes numbers are
larger for larger values of ε¯, we expect the inertial additive
corrections to the collision rate (due to clustering and
increased relative particle velocities) to be larger at larger
ε¯ . This is consistent with Figure 3(a). In conclusion, the
mean collision rate depends strongly on ε¯ (Figure 3(a)),
as do the size distributions shown in Figure 2(b).
Figure 3(b) shows that the mean collision rate de-
pends only weakly on the Reynolds number. It demon-
strates that the collision rate is somewhat larger for larger
Reynolds numbers. This is consistent with the notion
that particle pairs exploring the inertial range collide at
larger relative velocities when the inertial range is larger
(Gustavsson et al. 2008b). But, as pointed out above, the
inertial range in our simulations is too small for this mech-
anism to have a substantial effect.
It is interesting to note that the size distribution ex-
hibits power law behavior in the range of 10 ∼ 40µm,
as shown in the third panel of Figure 2(a). A slope of
−3.7 is observed. Remarkably, similar power laws have
been observed in several other circumstances, where the
collisional growth is not subjected to gravity. First, the
observed size distribution of interstellar dust grains shows
a power law with a slope of −3.3...− 3.6 (Mathis et al.
1977). The collisional growth of such dust grains in a
turbulent environment is one of the main mechanisms for
planet formation (Johansen and Lambrechts 2017). An-
other example concerns the size distribution of particles
in Saturn’s rings (Brilliantov et al. 2015), where a slope
of −3 is observed. This power law size distribution may
be universal for turbulence-generated collisional growth.
Therefore, turbulence-generated collisional growth with-
out or with weak gravity is relevant to other applications.
Next, to understand the warm rain formation, we compare
with the case where gravity is included.
b. Collisions driven by combined turbulence and gravity
For cloud-droplet growth, gravitational settling is sig-
nificant (Woittiez et al. 2009; Grabowski and Wang 2013).
Collision driven by gravity is very sensitive to the initial
size difference (see appendix A4). To avoid any bias from
the initial size difference, we adopt a monodisperse initial
distribution, i.e., σini = 0. In Figure 4, we compare the
evolution of the droplet-size distribution for the turbulent
case and the combined case with turbulence and gravity.
At t = 1s, both cases have almost the same droplet-size
distribution, demonstrating that turbulence dominates the
collisional growth. When t ≥ 1s, gravity dominates the
time evolution of the droplet-size distribution. The tail of
the droplet-size distribution reaches 80µm (drizzle-size)
for the combined turbulence and gravity case at t = 9s.
For the turbulence case, the tail reaches 48µm after the
same time, which is roughly half the radius obtained for
the combined turbulence and gravity case. Since our ini-
tial number density of cloud droplets is a hundred times
larger than the typical value in atmospheric clouds, we
can scale our simulation time by a factor of a hundred.
Thus, a scaled time of 9s, for example, corresponds to
900s in atmospheric clouds. This rescaling is validated
in appendix A6, where the tail of the size distribution is
found to differ by only 5µm in radius for n0 = 10
10m−3
and n0 = 10
8m−3. We find that collisional growth of
cloud droplets can reach drizzle-sized droplets in about
900s= 15min. This is comparable to the time scale for
rapid warm rain formation. This time scale, however, is
expected to change if a turbulence-induced collision effi-
ciency were to be taken into account. Besides, the cloud
system is about 100 times more dilute in particle number
density, which may also change the time scale.
Next, we check the ε¯ dependency for the combined
turbulence & gravity case. As shown in Figure 5, the
tail of the size distribution broadens with increasing ε¯.
When f rini/n0= 10
−6 at t = 10s, the radius resulting from
ε¯ = 0.04m2s−3 is about 60µm, while the one resulting
from ε¯ = 0.005m2s−3 is about 90µm. The 30µm differ-
ence means turbulence efficiently enhance the collisional
growth when σini = 0. To quantify the role of turbulence
at different phases during the collisional growth, we in-
spect the mass distribution function (Berry and Reinhardt
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1974). We use the same nomenclature of the mass dis-
tribution as Berry and Reinhardt (1974), g(lnr, t). The
mean mass of liquid water in terms of the size distri-
bution function f (r, t) is M¯ = 4
3
piρ
∫ ∞
0 f (r, t)dr, which is
M¯ =
∫ ∞
0 g(lnr, t)dlnr in terms of g(lnr, t). Therefore,
g(lnr, t) = (4pi/3)ρr4 f (r, t). Figure 6 shows g(lnr, t) cal-
culated from the same simulations as in Figure 5, where
the collision is driven by both gravity and turbulence
(σini = 0). At t = 1s, turbulence enhances the auto-
conversion phase as shown by the first peaks, when 10µm-
sized droplets collide. The enhancement factor (amplitude
of the peaks) scales almost linearly with ε¯. This enhance-
ment at the auto-conversion phase leads to faster growth
of droplet with increasing ε¯ at late times (i.e., t = 5 s and
t = 10 s.). Therefore, we see a faster growth of large
droplets with increasing ε¯ at late times virtually. This is
also consistent with the conclusion from Figure 4 that tur-
bulence dominates the collisional growth at the early stage
of cloud droplets formation. Additionally, this also im-
plies that the turbulence enhancement effect is the most
efficient when the size of a colliding pairs is comparable,
which is consistent with previous findings (Pinsky et al.
2007; Ayala et al. 2008a; Chen et al. 2018).
When gravity is included, the non-dimensional termi-
nal velocity Sv = vg/uη , charactering the relative droplet
inertia and gravitational sedimentation, becomes impor-
tant (Devenish et al. 2012) (Here we adopt Sv because it
contains the information of particle size compared with
the Froude number of particles defined as Fr = |g|τη/uη
(Gustavsson et al. 2014). Sv can be expressed as Sv =
FrSt), where vg = τi|g| is the terminal fall velocity and
uη is the turbulent velocity at the Kolmogorov scale η .
It can also be interpreted as the ratio of the Kolmogorov
eddy turnover time and the time it takes for a particle to
sediment across the eddy. If the ratio is much larger than
unity, the particle will rapidly sediment through the eddy,
thereby leading to weak particle–eddy interaction. On the
other hand, if Sv is much smaller than unity, sedimenta-
tion does not play a significant role in reducing the time
of particle–eddy interaction (Ayala et al. 2008b). The dis-
tribution of Sv shows the same dependency on ε¯ as f (r, t)
in our simulations when σini = 0. as demonstrated in Fig-
ure 5.
Further inspection of the mean collision rate R¯c (Fig-
ure 7) is consistent with the above observations. More
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Same simulations as in Figure 5. The values of the peaks at
t = 1 s are 18.39 ( ¯ε = 0.005m2s−3), 31.92 ( ¯ε = 0.01m2s−3), 61.83
( ¯ε = 0.005m2s−3), 124.26 ( ¯ε = 0.005m2s−3), respectively
importantly, the normalized R¯c collapse onto each other
and follow exponential growth. The collapse reconciles
our finding that the turbulence enhancement at the auto-
conversion phase scales with ε¯ . The exponential growth
of R¯c can be explained by the following theory of the con-
tinuous collision (Lamb and Verlinde 2011). Given two
droplets of very different sizes that collide with each other
due to gravity, the collision rate given by equation (7) is
R¯c
continuous
= pi (rL+ rS)
2 |VL−VS| . (11)
Substituting equation (6) into equation (5), and taking into
account that Rei ∼ Viri, we obtain τi ∼ r2i /(Viri)2/3 =
r
4/3
i V
−2/3
i . When gravity dominates the motion of a
droplet, the droplet velocity is of the order of the termi-
nal fall velocity, Vi = τig, so that Vi ∼ r4/5i . The linear
approximation for the velocity (Lamb and Verlinde 2011)
is now obtained by replacing the exponent 4/5 with unity,
such that equation (11) simplifies to
R¯c
continuous ∼ r3L (12)
when rL≫ rS. The rate of mass increase, dmL/dt, is pro-
portional to the collision rate. Therefore, equation (12)
can also be expressed as
dmL
dt
∼ r3L. (13)
Combine equations (12) and (13), we can obtain the expo-
nential growth of R¯c,
R¯c
continuous ∼ exp(αt), (14)
where α is a constant.
The excellent agreement of R¯c between our simulation
and the theory demonstrates that the continuous growth
theory is robust in representing the mean collision rate.
Even in the circumstance that we detect the collision rate
directly by counting each collision event without any as-
sumptions, such as that of large size differences, the linear
approximation for the velocity (Lamb and Verlinde 2011),
and the absence of turbulence. When R¯c is normalized
by τη , the curves representing different ε¯ collapse onto
each other (see Figure 7). This indicates that (1) gravity
dominates the collisional growth; (2) collision time scale
is smaller than the Kolmogorov time scale; (3) turbulence
is responsible for generating few larger droplets so that the
gravitational collision can be triggered at the initial phase
of raindrop formation; (4) turbulence transport provides a
mean effect for collision as implicitly indicated in equa-
tion (10).
The mean collision rate R¯c is an averaged description,
which ignores fluctuations. The agreement between DNS
results and the theory of continuous collisions only sug-
gests the mean effect of turbulence on collisional growth.
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Collisional growth due to random fluctuations in a dilute
system (such as cloud system) was proposed already by
Telford (1955). Kostinski and Shaw (2005) further argued
that Poisson fluctuations of the collision times of settling
droplets leads to a broad distribution of growth times that
could potentially explain the rapid onset of rain formation.
This question is further discussed by Wilkinson (2016).
Therefore, quantifying the role of fluctuations in the colli-
sion process by means of analyzing the DNS data in the
framework proposed by Kostinski and Shaw (2005) and
Wilkinson (2016) is desired. Also, since our system is 100
times denser than the Earth’s atmospheric cloud system, it
is interesting to investigate how the diluteness affects the
role of fluctuations on collisional growth.
In the atmospheric clouds, the size distribution of cloud
droplets has a certain width. To investigate the collisional
growth with a lognormal initial distribution when there is
both turbulence and gravity, we use the same setup as in
Figure 2(b), but with gravity included. As shown in Fig-
ure 8(a), the evolution of the droplet-size distribution de-
pends only weakly on the energy dissipation rate. This
again confirms the notion that gravity-generated collision
is more sensitive to the initial size difference than the
turbulence-generated collisions (see the σini dependency
of the size distribution for turbulence-generated collision
in appendix A4). To further illustrate this, we plot the
time evolution of the size distribution with different initial
widths; see Figure 8(b). We also compare the present nu-
merical simulations with the idealized gravity-driven col-
lision. Figure 8(a) shows that the tail of the size distribu-
tion becomes broadening as ε¯ increases. For the case of
ε¯ = 0m2s−3, the tail reaches at about 142µm at t = 10s,
while for the case of ε¯ = 0.04m2s−3 the tail reaches at
about 182µm, resulting in an increase percentage of 28%.
Chen et al. (2018) found that the increasing percentage
of the tail is about (45− 30)/30 = 50% at t = 6.5 min
(390 s). Our result reveals an increasing percentage of
(75− 62)/62 ≈ 21% at t = 5s (equivalent to 500s con-
sidering that n0 = 10
10m−3 is used in our simulations).
Since our initial size distribution and treatment of the col-
lision efficiency are different from the ones of Chen et al.
(2018), we cannot compare our results with theirs quan-
titatively. Nevertheless, our findings are consistent with
the result of Chen et al. (2018) that turbulence enhances
the collisional growth of cloud droplets. We recall that
when σini = 0, strong dependency of f (r, t) on ε¯ is ob-
served (see Figure 5). This implies that the enhancement
effect of turbulence depends on the initial distribution of
cloud droplets.
4. Conclusions
In the present study, we have addressed the problem of
turbulence effects on collisional growth of particles such
as cloud droplets in the case where coalescence is in-
cluded. We have investigated this effect using a superpar-
ticle approximation for the droplet dynamics in combina-
tion with high-resolution DNS of fully-developed turbu-
lence. The superparticle approach is about 10 times faster
than the direct Lagrangian-detected collision method at
least. In the absence of gravity, we find that the droplet-
size distribution depends sensitively on the mean energy-
dissipation rate ε¯ at fixed Reλ , which we have related to
the ε¯-dependence of the mean collision rate. We find that
this rate increases as ε¯1/2 (except for the largest values of
ε¯ simulated). This is consistent with the Saffman-Turner
collision model and its extensions. A more detailed com-
parison with these calculations is not possible at this point,
because there is no prediction for the prefactors in gen-
eral. The size distribution due to turbulence-generated col-
lisions exhibits power law behavior with a slope of −3.7
in the size range 10...40µm, which is close to the power
law size distribution of interstellar dust grains. This in-
dicates that the power law size distribution may be uni-
versal (Mathis et al. 1977). When gravity is invoked, the
turbulence enhancement effect depends on the width of the
initial distribution σini. The enhancement is the strongest
when σini = 0 and weak when σini = 0.2. For the case
of σini = 0, turbulence has an efficient effect at the auto-
conversion phase, which results in faster growth at the late
stage. In atmospheric clouds, the distribution of cloud
droplets always has a certain width. The role of turbulence
for collisional growth should be handled with caution. To
our knowledge, it is the first time that such detailed com-
parison between cases with or without gravity is investi-
gated when coalescence is invoked.
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When collisions are driven by both turbulence and grav-
ity, we found that turbulence is crucial for driving the col-
lision so that a few large cloud droplets can be formed
in the initial stage of raindrop formation. Gravity takes
over as the main driver for droplet collisions when the ra-
dius of cloud droplets reaches the size of about 20µm.
With combined turbulence and gravity, the time scale for
reaching drizzle-sized droplets is about 900 s, which is
close to the time scale of the rapid warm rain formation.
This time scale, however, is expected to be substantially
changed when turbulence-induced collision efficiency is
taken into account. The mean collision rate grows expo-
nentially, which is consistent with the theoretical predic-
tion of the continuous growth even when turbulence is in-
voked. The theory of continuous collisions is built upon
the assumptions of huge size differences, a linear drag
force, and gravity-driven collisions. The consistency be-
tween our simulations and the theory suggests that the the-
ory is robust in representing the mean effect of turbulence.
The role of fluctuations for collisional growth (Telford
1955; Kostinski and Shaw 2005; Wilkinson 2016) is not
explicitly analyzed. Therefore, it is interesting to investi-
gate how the diluteness affects the role of fluctuations on
collisional growth. These will be presented in a separate
paper.
Collisional growth of cloud droplets due to turbulence
and gravity is very sensitive to the tail of the initial size
distribution. As already discussed previously (Li et al.
2017), this problem is being alleviated by considering the
combined condensational and collisional growth. Espe-
cially the condensational growth due to supersaturation
fluctuations may result in larger tails of the size distribu-
tion (Sardina et al. 2015; Chandrakar et al. 2016). This is
another subject of an ongoing separate study.
In the present paper, the collision efficiency is as-
sumed to be unity for simplicity. In reality, the col-
lision efficiency is not unity, but it can depend on the
droplet-droplet aero-hydrodynamics (Wang et al. 2005,
2007; Wang and Grabowski 2009; Chen et al. 2018). Us-
ing a unit collision efficiency overestimates the colli-
sion rate. It would be useful to incorporate the col-
lision efficiency in turbulence invoking droplet-droplet
aero-hydrodynamics, but this has not yet been done. This
will need to be investigated in a separate study.
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APPENDIX
A1. Collision algorithm of the superparticle scheme
A detailed study of the superparticle approach is given
in Li et al. (2017), where its evaluation and advantages
over the Eulerian approach are investigated. Here, we
briefly review the collision scheme used in the present
study. When two superparticles i and j residing in the
same grid cell collide with each other, the new masses of
the particles in the two superparticles after collision obey
mass conservation and are given by
m˜i = mi+m j,
m˜ j = m j, (A1)
where ni and n j are the number densities of droplets in su-
perparticles i and j, respectively. We assume n j > ni with-
out loss of generality. Their new particle number densities
are
n˜i = ni,
n˜ j = n j−ni. (A2)
The momenta of the particles in the two superparticles af-
ter collision are given by
V˜im˜i = Vimi+V jm j,
V˜ jm˜ j = V jm j. (A3)
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FIG. A1. Comparison of aζ for different initial conditions: collision
is triggered (1) (red curve) in a randomly distributed superparticle field
and the velocity of the flow is zero, (2) (black curve) in a well-mixed
particle field and the velocity of the flow is zero, and (3) (green curve) in
a well-mixed particle field and the turbulence is well-developed. Grav-
ity is omitted here. L= 0.25m. The initial size distribution is given by
equation (8) with rini = 10µm and σini = 0.2. The number of mesh grid
points is 1283 . f0 = 0.02. Np/10
6 = 8.4. These result in Reλ = 100 and
ε¯ = 0.03m2s−3.
A2. Effect of initial condition on collision in a turbu-
lent environment
The initial conditions are important for the collision.
We tested three different initial conditions. Collision is
triggered (1) in a randomly distributed superparticle field
and the velocity of the flow is zero, (2) in a well-mixed
particle field and the velocity of the flow is zero, and (3)
in a well-mixed particle field and the turbulence is well-
developed. To compare the time evolution of the size dis-
tribution for these three cases, we first define the normal-
ized moments of the size distribution (Li et al. 2017),
aζ =
(∫ ∞
0
f rζ dr
/ ∫ ∞
0
f dr
)1/ζ
(A4)
where ζ is a positive integer. The mean radius r is given by
a1, the maximum radius is max(r) = a∞, and the droplet
mass is proportional to the third power of a3. aζ can char-
acterize the size distribution with simpler diagnostics. Fig-
ure A1 shows aζ for the three different initial conditions.
It is obvious that the time evolution of aζ is independent
from initial conditions. This can sufficiently save compu-
tational time.
A3. Statistical convergence of the number of superpar-
ticles per grid cell in a turbulent environment
As discussed in Section 2, simulations with massive
number of superparticles is computationally costing. In
Li et al. (2017), we found that the initial Np/Ngrid con-
verges at 4 when the collision is driven by gravity without
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FIG. A2. Comparison of aζ for different Np/Ngrid . Here Ngrid =
1283 is fixed. Np/Ngrid even converges at 0.05. Same simulations as in
Figure A1 but with different Np.
turbulence. In the present study, Ngrid = 512
3. Np/Ngrid =
4 will result in Np = 4×5123 = 536870912, which will be
very computationally demanding. This motivates us to re-
study the convergence of Np/Ngrid in high Reynolds num-
ber turbulence case instead of carrying the convergence
study from pure gravity case to the turbulence case. As
shown in Figure A2, Np/Ngrid converges at 0.5. This could
be due to the fact that turbulence transports particles suffi-
ciently.
A4. Convergence of the initial width σini in a turbulent
environment with gravity
We first check the convergence of σini when collisions
are driven solely by turbulence. As shown in Figure A3,
the time evolution of the size distribution almost converges
at σini = 0.1. Compared with the case where the collision
is driven by combined turbulence and gravity as demon-
strated in Figure 8, the tail of the size distribution is less
sensitive to σini. Next, we investigate the convergence of
the width σini in equation (8) in a combined turbulence and
gravity environment. Figure A4 shows that σini converges
at 0.02. However, as we have discussed in Section b, we
choose σini = 0 for the combined turbulence and gravity
case.
A5. Distribution of the Stokes number
Figure A5 shows the distribution function of Stokes
numbers for the same simulations as in Figure 2. Ini-
tially, the distribution of Stokes number shifts to the right
with increasing ε¯, which will trigger stronger collisional
growth. At later times, when ε¯ increases from 0.005 to
0.04m2s3, the tail of the Stokes number distribution in-
creases by more than an order of magnitude, which leads
to an extension of about three orders of magnitude at
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FIG. A3. Convergence of σini. Collision is driven solely by turbulence;
see Run B for simulation details.
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FIG. A4. Convergence of σini. Collision is driven by combined turbu-
lence and gravity; see Run B for simulation details.
t = 10 s. This indicates that the collisional growth rate
strongly depends on the Stokes number. Increasing ε¯ re-
sults in a larger range of variations in the value of the
Stokes number, thus enhancing the collisional growth.
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FIG. A5. Time evolution of the Stokes number distribution St(r,t) for
different ε¯ with fixed Reλ . Same simulations as in Figure 2.
A6. Rescaling of time based on the initial number den-
sity
As explained at the end of section 2, simulating the
collision-coalescence process of raindrop formation over
realistic time scales is computationally demanding, so we
adopt an initial number density of n0 = 10
10m−3 and
rescale the simulation time to t˜ = t(n0/nref). We check
aζ for the rescaling in 2-D turbulence. As shown in Fig-
ure A6, larger n0 result in smaller aζ . However, the dif-
ference in a24 is only about 5µm at t˜ = 250 s. This means
that using n0 = 10
10m−3 does reasonably well represent
the collisional growth.
References
Andersson, B., K. Gustavsson, B. Mehlig, and M. Wilkinson, 2007:
Advective collisions. Europhys. Lett., 80 (6), 69 001.
Ayala, O., B. Rosa, and L.-P. Wang, 2008a: Effects of turbulence on the
geometric collision rate of sedimenting droplets. part 2. theory and
parameterization. New J. Phys., 10 (9), 099 802.
Ayala, O., B. Rosa, L.-P. Wang, and W. W. Grabowski, 2008b: Effects
of turbulence on the geometric collision rate of sedimenting droplets.
part 1. results from direct numerical simulation. New J. Phys., 10 (7),
075 015.
Beals, M. J., J. P. Fugal, R. A. Shaw, J. Lu, S. M. Spuler, and J. L. Stith,
2015: Holographic measurements of inhomogeneous cloud mixing
at the centimeter scale. Science, 350 (6256), 87–90.
0 50 100 150 200 25010.0
10.5
11.0
11.5
r¯
[µ
m
]
n0 = 10
8m−3
109
1010
0 50 100 150 200 250
11
12
13
a
3
[µ
m
]
0 50 100 150 200 250
t˜ [s]
10
15
20
a
12
[µ
m
]
0 50 100 150 200 250
t˜ [s]
15
20
25
30
a
24
[µ
m
]
FIG. A6. Accuracy of the rescaling procedure of time in 2-D turbu-
lence. The size of the computational domain is L = 0.25 m, the num-
ber of grid cells is Ngrid = 512
2 , the viscosity is ν = 5× 10−4m2s−1,
which gives a Taylor micro-scale Reynolds number of Reλ ≈ 106, and
an energy dissipation rate of ε = 0.1m2s−3. The initial droplet size dis-
tribution is log-normal with rini = 10µm and σ = 0.2. The number of
the superparticles is Ns = 1.2× 106 and the number of the grid cell is
Ngrid = 512
2 . Each simulation was conducted on 512 CPUs.
Bec, J., 2003: Fractal clustering of inertial particles in random flows.
Phys. Fluids, 15, 81–84.
Bec, J., A. Celani, M. Cencini, and S. Musacchio, 2005: Clustering and
collisions in random flows. Phys. Fluids, 17, 073301.
Berry, E. X., and R. L. Reinhardt, 1974: An analysis of cloud drop
growth by collection: Part i. double distributions. J. Atmosph. Sci.,
31 (7), 1814–1824.
Bird, G., 1978: Monte carlo simulation of gas flows. Annu. Rev. Fluid
Mech., 10 (1), 11–31.
Bird, G., 1981: Monte-carlo simulation in an engineering context.
Progress in Astronautics and Aeronautics, 74, 239–255.
Brandenburg, A., 2001: The inverse cascade and nonlinear alpha-effect
in simulations of isotropic helical hydromagnetic turbulence. Astro-
phys. J., 550 (2), 824.
Brilliantov, N., P. Krapivsky, A. Bodrova, F. Spahn, H. Hayakawa,
V. Stadnichuk, and J. Schmidt, 2015: Size distribution of parti-
cles in saturns rings from aggregation and fragmentation. Proc. Nat.
Academy of Sciences, 112 (31), 9536–9541.
Chandrakar, K. K., W. Cantrell, K. Chang, D. Ciochetto, D. Nieder-
meier, M. Ovchinnikov, R. A. Shaw, and F. Yang, 2016: Aerosol
indirect effect from turbulence-induced broadening of cloud-droplet
size distributions. Proc. Nat. Acad. Sci., 113 (50), 14 243–14 248.
Chen, S., P. Bartello, M. Yau, P. Vaillancourt, and K. Zwijsen, 2016:
Cloud droplet collisions in turbulent environment: Collision statis-
tics and parameterization. J. Atmosph. Sci., 73 (2), 621–636.
Chen, S., M. Yau, and P. Bartello, 2018: Turbulence effects of colli-
sion efficiency and broadening of droplet size distribution in cumulus
clouds. J. Atmosph. Sci., 75 (1), 203–217.
16 J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S
Chun, J., D. L. Koch, S. L. Rani, A. Ahluwalia, and L. R. Collins,
2005a: Clustering of aerosol particles in isotropic turbulence. J.
Fluid Mech., 536, 219–251.
Chun, J., D. L. Koch, S. L. Rani, A. Ahluwalia, and L. R. Collins,
2005b: Clustering of aerosol particles in isotropic turbulence. J.
Fluid Mech., 536, 219–251.
Collins, L. R., and A. Keswani, 2004: Reynolds number scaling of par-
ticle clustering in turbulent aerosols. New J. Phys., 6 (1), 119.
Devenish, B., and Coauthors, 2012: Droplet growth in warm turbulent
clouds. Quart. J. Roy. Meteorol. Soc., 138 (667), 1401–1429.
Duncan, K., B. Mehlig, S. O¨stlund, and M. Wilkinson, 2005: Clustering
in mixing flows. Phys. Rev. Lett., 95, 240602.
Dziekan, P., and H. Pawlowska, 2017: Stochastic coalescence in
lagrangian cloud microphysics. Atmosph. Chemistry and Physics,
2017, 1–18.
Elperin, T., N. Kleeorin, M. Liberman, and I. Rogachevskii, 2013: Tan-
gling clustering instability for small particles in temperature strati-
fied turbulence. Phys. Fluids, 25 (8), 085 104.
Elperin, T., N. Kleeorin, V. S. L’vov, I. Rogachevskii, and D. Sokoloff,
2002: Clustering instability of the spatial distribution of inertial par-
ticles in turbulent flows. Phys. Rev. E, 66, 036 302.
Elperin, T., N. Kleeorin, and I. Rogachevskii, 1996: Self-excitation of
fluctuations of inertial particle concentration in turbulent fluid flow.
Phys. Rev. Lett., 77, 5373–5376.
Falkovich, G., A. Fouxon, and M. Stepanov, 2002: Acceleration of rain
initiation by cloud turbulence. Nature, 419 (6903), 151–154.
Falkovich, G., and A. Pumir, 2007: Sling effect in collisions of water
droplets in turbulent clouds. J. Atmosph. Sci., 64 (12), 4497–4505.
Franklin, C. N., 2008: A warm rain microphysics parameterization that
includes the effect of turbulence. J. Atmosph. Sci., 65 (6), 1795–
1816.
Franklin, C. N., P. A. Vaillancourt, M. Yau, and P. Bartello, 2005: Colli-
sion rates of cloud droplets in turbulent flow. J. Atmosph. Sci., 62 (7),
2451–2466.
Grabowski, W.W., and G. C. Abade, 2017: Broadening of cloud droplet
spectra through eddy hopping: Turbulent adiabatic parcel simula-
tions. J. Atmosph. Sci., 74 (5), 1485–1493.
Grabowski, W. W., and L.-P. Wang, 2013: Growth of cloud droplets in
a turbulent environment. Annu. Rev. Fluid Mech., 45 (1), 293–324.
Grover, S., and H. Pruppacher, 1985: The effect of vertical turbulent
fluctuations in the atmosphere on the collection of aerosol particles
by cloud drops. J. Atmosph. Sci., 42 (21), 2305–2318.
Gustavsson, K., and B. Mehlig, 2014: Relative velocities of inertial
particles in turbulent aerosols. J. Turbulence, 15 (1), 34–69.
Gustavsson, K., and B. Mehlig, 2016a: Statistical model for collisions
and recollisions of inertial particles in mixing flows. The European
Physical Journal E, 39 (5), 55.
Gustavsson, K., and B. Mehlig, 2016b: Statistical models for spatial
patterns of heavy particles in turbulence. Advances in Physics, 65 (1),
1–57.
Gustavsson, K., B. Mehlig, and M. Wilkinson, 2008a: Collisions of
particles advected in random flows. New J. Phys., 10 (7), 075 014.
Gustavsson, K., B. Mehlig, M. Wilkinson, and V. Uski, 2008b:
Variable-range projection model for turbulence-driven collisions.
Phys. Rev. Lett., 101 (17), 174 503.
Gustavsson, K., S. Vajedi, and B. Mehlig, 2014: Clustering of particles
falling in a turbulent flow. Phys. Rev. Lett., 112, 214 501.
Ireland, P. J., A. D. Bragg, and L. R. Collins, 2016a: The effect
of reynolds number on inertial particle dynamics in isotropic tur-
bulence. part 1. simulations without gravitational effects. J. Fluid
Mech., 796, 617–658.
Ireland, P. J., A. D. Bragg, and L. R. Collins, 2016b: The effect of
reynolds number on inertial particle dynamics in isotropic turbu-
lence. part2. simulations with gravitational effects. J. Fluid Mech.,
796, 659–711.
Johansen, A., and M. Lambrechts, 2017: Forming planets via pebble
accretion. Annu. Rev. Earth and Planetary Sci., 45, 359–387.
Johansen, A., A. N. Youdin, and Y. Lithwick, 2012: Adding particle
collisions to the formation of asteroids and kuiper belt objects via
streaming instabilities. Astron. Astroph., 537, A125.
Jorgensen, W. L., J. Chandrasekhar, J. D. Madura, R. W. Impey, and
M. L. Klein, 1983: Comparison of simple potential functions for
simulating liquid water. J. Chem. Phys., 79 (2), 926–935.
Kostinski, A. B., and R. A. Shaw, 2001: Scale-dependent droplet clus-
tering in turbulent clouds. J. Fluid Mech., 434, 389–398.
Kostinski, A. B., and R. A. Shaw, 2005: Fluctuations and luck in droplet
growth by coalescence. Bull. Am. Met. Soc., 86, 235–244.
Koziol, A. S., and H. Leighton, 1996: The effect of turbulence on the
collision rates of small cloud drops. J. Atmosph. Sci., 53 (13), 1910–
1920.
Lamb, D., and J. Verlinde, 2011: Physics and Chemistry of Clouds,
chap. 11, 438. Cambridge, England, Cambridge Univ. Press.
Li, X.-Y., A. Brandenburg, N. E. L. Haugen, and G. Svensson, 2017:
Eulerian and lagrangian approaches to multidimensional condensa-
tion and collection. J. Advances Model. Earth Systems, 9, 1116–
1137.
Marchioli, C., and Coauthors, 2008: Statistics of particle dispersion in
direct numerical simulations of wall-bounded turbulence: Results of
an international collaborative benchmark test. Intern. J. Multiphase
Flow, 34 (9), 879–893.
Mathis, J. S., W. Rumpl, and K. H. Nordsieck, 1977: The size distribu-
tion of interstellar grains. Astrophys. J., 217, 425–433.
Maxey, M., 1987: The gravitational settling of aerosol particles in ho-
mogeneous turbulence and random flow fields. J. Fluid Mech., 174,
441–465.
Mehlig, B., M. Wilkinson, and V. Uski, 2007: Colliding particles in
highly turbulent flows. Phys. Fluids, 19, 098107.
Meibohm, J., L. Pistone, K. Gustavsson, and B. Mehlig, 2017: Relative
velocities in bidisperse turbulent suspensions. Phys. Rev. E, 96 (6),
061 102.
J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S 17
Miles, N. L., J. Verlinde, and E. E. Clothiaux, 2000: Cloud droplet size
distributions in low-level stratiform clouds. J. Atmosph. Sci., 57 (2),
295–311.
Nenes, A., and J. H. Seinfeld, 2003: Parameterization of cloud droplet
formation in global climate models. J. Geophys. Res.: Atmospheres,
108, D14.
Ohno, K., and S. Okuzumi, 2017: A condensation–coalescence cloud
model for exoplanetary atmospheres: Formulation and test applica-
tions to terrestrial and jovian clouds. Astrophys. J., 835 (2), 261.
Onishi, R., and A. Seifert, 2016: Reynolds-number dependence of tur-
bulence enhancement on collision growth. Atmosph. Chemistry and
Physics, 16 (19), 12 441–12 455.
Perrin, V. E., and H. J. Jonker, 2015: Lagrangian droplet dynamics in
the subsiding shell of a cloud using direct numerical simulations. J.
Atmosph. Sci., 72 (10), 4015–4028.
Pinsky, M., and A. Khain, 2004: Collisions of small drops in a turbulent
flow. part ii: Effects of flow accelerations. J. Atmosph. Sci., 61 (15),
1926–1939.
Pinsky, M., A. Khain, and H. Krugliak, 2008: Collisions of cloud
droplets in a turbulent flow. part v: Application of detailed tables of
turbulent collision rate enhancement to simulation of droplet spectra
evolution. J. Atmosph. Sci., 65 (2), 357–374.
Pinsky, M., A. Khain, and M. Shapiro, 2007: Collisions of cloud
droplets in a turbulent flow. part iv: Droplet hydrodynamic inter-
action. J. Atmosph. Sci., 64 (7), 2462–2482.
Pope, S., 2000: Turbulent Flows. Cambridge University Press.
Pruppacher, H. R., J. D. Klett, and P. K. Wang, 1998: Microphysics of
clouds and precipitation. Taylor & Francis.
Pumir, A., and M. Wilkinson, 2016: Collisional aggregation due to tur-
bulence. Annu. Rev. Condensed Matter Physics, 7, 141–170.
Reade, W. C., and L. R. Collins, 2000: Effect of preferential concentra-
tion on turbulent collision rates. Phys. Fluids, 12 (10), 2530–2540.
Reuter, G., R. De Villiers, and Y. Yavin, 1988: The collection kernel
for two falling cloud drops subjected to random perturbations in a
turbulent air flow: a stochastic model. J. Atmosph. Sci., 45 (5), 765–
773.
Riemer, N., and A. Wexler, 2005: Droplets to drops by turbulent coag-
ulation. J. Atmosph. Sci., 62 (6), 1962–1975.
Rosa, B., H. Parishani, O. Ayala, W. W. Grabowski, and L.-P. Wang,
2013: Kinematic and dynamic collision statistics of cloud droplets
from high-resolution simulations. New J. Phys., 15 (4), 045 032.
Saffman, P. G., and J. S. Turner, 1956: On the collision of drops in
turbulent clouds. J. Fluid Mech., 1, 16–30.
Saito, I., and T. Gotoh, 2018: Turbulence and cloud droplets in cumulus
clouds. New J. Phys., 20 (2), 023 001.
Salazar, J. P., J. De Jong, L. Cao, S. H. Woodward, H. Meng, and L. R.
Collins, 2008: Experimental and numerical investigation of inertial
particle clustering in isotropic turbulence. J. Fluid Mech., 600, 245–
256.
Sardina, G., F. Picano, L. Brandt, and R. Caballero, 2015: Continuous
Growth of Droplet Size Variance due to Condensation in Turbulent
Clouds. Phys. Rev. Lett., 115 (18), 184 501.
Sardina, G., F. Picano, L. Brandt, and R. Caballero, 2015: Continu-
ous growth of droplet size variance due to condensation in turbulent
clouds. Phys. Rev. Lett., 115 (18), 184 501.
Schiller, L., and A. Naumann, 1933: Fundamental calculations in grav-
itational processing. Zeitschrift Des Vereines Deutscher Ingenieure,
77, 318–320.
Seinfeld, J. H., and S. N. Pandis, 2016: Atmospheric chemistry and
physics: from air pollution to climate change. John Wiley & Sons.
Shaw, R. A., 2003: Particle-turbulence interactions in atmospheric
clouds. Annu. Rev. Fluid Mech., 35 (1), 183–227.
Shaw, R. A., W. C. Reade, L. R. Collins, and J. Verlinde, 1998: Prefer-
ential concentration of cloud droplets by turbulence: Effects on the
early evolution of cumulus cloud droplet spectra. J. Atmosph. Sci.,
55 (11), 1965–1976.
Shima, S., K. Kusano, A. Kawano, T. Sugiyama, and S. Kawahara,
2009: The super-droplet method for the numerical simulation of
clouds and precipitation: a particle-based and probabilistic micro-
physics model coupled with a non-hydrostatic model. Quart. J. Roy.
Met. Soc., 135, 1307–1320, physics/0701103.
Sundaram, S., and L. R. Collins, 1997a: Collision statistics in an
isotropic particle-laden turbulent suspension. J. Fluid. Mech., 335,
75–109.
Sundaram, S., and L. R. Collins, 1997b: Collision statistics in an
isotropic particle-laden turbulent suspension. part 1. direct numer-
ical simulations. J. Fluid Mech., 335, 75–109.
Telford, J. W., 1955: A new aspect of coalescence theory. Journal of
Meteorology, 12 (5), 436–444.
Veysey, J., II, and N. Goldenfeld, 2007: Simple viscous flows: From
boundary layers to the renormalization group. Rev. Modern Phys.,
79 (3), 883–927.
Vo¨lk, H. J., F. C. Jones, G. E. Morfill, and S. Ro¨ser, 1980: Collisions
between grains in a turbulent gas. Astron. Astrophys., 85, 316.
Voßkuhle, M., A. Pumir, E. Le´veˆque, and M. Wilkinson, 2014: Preva-
lence of the sling effect for enhancing collision rates in turbulent
suspensions. J. Fluid Mech., 749, 841–852.
Wang, L.-P., O. Ayala, and W. Grabowski, 2007: Effects of aerody-
namic interactions on the motion of heavy particles in a bidisperse
suspension. Journal of Turbulence, (8), N25.
Wang, L.-P., O. Ayala, S. E. Kasprzak, and W. W. Grabowski, 2005:
Theoretical formulation of collision rate and collision efficiency
of hydrodynamically interacting cloud droplets in turbulent atmo-
sphere. J. Atmosph. Sci., 62 (7), 2433–2450.
Wang, L.-P., O. Ayala, Y. Xue, and W. W. Grabowski, 2006: Com-
ments on droplets to drops by turbulent coagulation. J. Atmosph. Sci.,
63 (9), 2397–2401.
Wang, L.-P., and W. W. Grabowski, 2009: The role of air turbulence in
warm rain initiation. Atmosph. Sci. Lett., 10 (1), 1–8.
Wang, L.-P., A. S. Wexler, and Y. Zhou, 1998: Statistical mechanical
descriptions of turbulent coagulation. Phys. Fluids, 10 (10), 2647–
2651.
Wilkinson, M., 2016: Large deviation analysis of rapid onset of rain
showers. Phys. Rev. Lett., 116 (1), 018 501.
18 J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S
Wilkinson, M., B. Mehlig, and V. Bezuglyy, 2006: Caustic activation of
rain showers. Phys. Rev. Lett., 97, 048 501.
Woittiez, E. J. P., H. J. J. Jonker, and L. M. Portela, 2009: On the
combined effects of turbulence and gravity on droplet collisions in
clouds: A numerical study. J. Atmosph. Sci., 66 (7), 1926–1943.
Xue, Y., L.-P. Wang, and W. W. Grabowski, 2008: Growth of cloud
droplets by turbulent collision–coalescence. J. Atmosph. Sci., 65 (2),
331–356.
Zsom, A., and C. P. Dullemond, 2008: A representative particle ap-
proach to coagulation and fragmentation of dust aggregates and fluid
droplets. Astron. Astrophys., 489 (2), 931–941.
